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We explore the impact of strain on charge carrier mobility of monolayer α, β, γ and δ-P, the
four well known atomically thin allotropes of phosphorus, using density functional theory. Owing
to the highly anisotropic band dispersion, the charge carrier mobility of the pristine allotropes is
significantly higher (more than 5 times in some cases) in one of the principal directions (zigzag or
armchair) as compared to the other. Uniaxial strain (upto 6% compressive/tensile) leads to bandgap
alteration in each of the allotropes, especially a direct to indirect bandgap semiconductor transition
in γ-P and a complete closure of the bandgap in γ and δ-P. We find that the charge carrier mobility
is enhanced typically by a factor of ≈ 5 − 10 in all the allotropes due to uniaxial strain; notably
among them a ≈ 250 (30) times increase of the hole (electron) mobility along the armchair (zigzag)
direction is observed in β-P (γ-P) under a compressive strain, acting in the armchair direction.
Interestingly, the preferred electronic conduction direction can also be changed in case of α and γ-P,
by applying strain.
I. INTRODUCTION
Since the first successful mechanical exfoliation of
monolayer graphene,1 atomically thin two dimensional
(2D) materials have attracted immense interest, both in
terms of fundamental physics and potential device ap-
plications. As the low energy quasiparticles of graphene
behave like massless Dirac fermions; in the absence of
charge impurities and ripples, it has an astonishing in-
trinsic carrier mobility value of 200,000 cm2V−1s−1 at
room temperature, nearly three times higher than that
of InSb, known to have the highest mobility among
inorganic semiconductors.2,3 Although external factors
reduce the mobility significantly, still very large mo-
bility in the range of 3,700–15,000 cm2V−1s−1 is rou-
tinely reported, irrespective of underlying substrate and
growth mechanism.2,4 However, due to lack of bandgap,
graphene based transistors are known to have very large
off current, leading to high static power consumption
and thus, not suitable for applications in low power logic
devices.5 On the other hand, transition metal dichalco-
genides (TDMs)6–8 are endowed with a direct bandgap;
for example, measuring ∼1.8 eV for monolayer MoS2.9
As a result, MoS2 based transistors are reported to ex-
hibit ION/IOFF as high as 10
8 at room temperature,10
although the carrier mobility is found to be much less
than that of graphene, typically of the order of 200 –
700 cm2V−1s−1 for n-type FET (field effect transistor)
operation.11,12
Recently, monolayer of black phosphorus or phospho-
rene (α-P) has emerged as a promising semiconductor,
with a direct bandgap of magnitude 1.5 eV and as a con-
sequence, transistors based on phosphorene are reported
to exhibit very good ION/IOFF ratio of 10
4 − 105, in
addition to a reasonably high carrier mobility of 1000 –
2000 cm2V−1s−1 at the room temperature.13–18 Several
other stable allotropes of monolayer phosphorus have also
been predicted so far.19,20 Of all the possible allotropes
of monolayer phosphorous, the four most stable ones (in
decreasing order of stability) are named as α, β, γ and
δ-P, and these four are the subject of this paper. Of
these four, α-P is the most stable due to very small in-
terfacial energy.21 The other three, namely β, γ and δ-
P are interesting because these phases can be connected
(to form an in plane heterostructure, such that more than
one phase coexist within a layer) easily with each other.21
Being atomically thin layers, electronic band structure of
phosphorene allotropes can be tuned easily by physical
or chemical adsorption of adatoms,22–24 out of the plane
electric field25–27 and applied strain.28,29 Similar studies
have reported stress induced bandgap modification in Si
nanowires30 and SnSe.31
In this work, using ab initio calculations, we investi-
gate the effect of strain on the acoustic phonon limited
charge carrier mobility of α, β, γ and δ-P. A remark-
able feature, which sets these phosphorus allotropes apart
from other 2D materials like graphene, TMDs etc., is
the anisotropy observed between the two principal axes,
aligned parallel to the zigzag and armchair direction,
respectively.20,21,32–34 Because of their anisotropic na-
ture, atomically thin phosphorus allotropes are expected
to respond differently, depending on whether the external
stimulus (strain in this work) is applied in the zigzag or
armchair direction; as reported for bandgap tuning de-
pending on the direction of applied strain.21 Prompted
by this, we apply uniaxial strain along the zigzag and
armchair direction separately; and other than bandgap
closure, our study also reveals significant increase of car-
rier mobility, as well as change of the preferred electronic
conduction direction, which clearly shows the potential
of α, β, γ and δ-P for making strain controlled electronic
devices.
This paper is organized as follows. Computational de-
tails including 1) parameters for ab initio calculations
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FIG. 1. Panels (a), (b), (c) and (d) display the crystal structures (top and side view) of α-P (monolayer of black phosphorus),
β-P (monolayer of blue phosphorus), γ-P and δ-P, respectively. Corresponding electronic band structures are shown in panels
(e), (f), (g) and (h) and the 2D plots of the valence (left panel) and conduction band (right panel) energy over the entire
Brillouin zone are illustrated in (i), (j), (k) and (l), where the panel sizes are according to the size of the Brillouin zone.
Values of the lattice parameters and d1, d2, h, θ1, θ2 are reported in Table I. Bright (dark) regions in the 2D plots [panels (i)-(l)]
represent high (low) energy within a particular band. The green curve marks an energy contour line just below (above) the
valence band maximum (conduction band minimum). All the energy contour lines are elliptic in shape, which clearly reflects
the anisotropy of electrons and holes in terms of effective mass. Crystal structures are prepared by using Xcrysden.35
and 2) details of mobility calculation are presented in
Sec. II. This is followed by a brief description of crystal
structure and electronic band structure of pristine 2D
allotropes of phosphorus in Sec. II C. Results related to
strain dependent mobility calculations are presented and
analyzed in Sec. III and finally, we summarize our find-
ings in Sec. IV.
II. COMPUTATIONAL DETAILS
A. ab-initio calculations
Crystal structure optimizations and electronic band
structure calculations are performed within the frame-
work of density functional theory (DFT), as implemented
in the QUANTUM ESPRESSO36 package, using a plane-
wave basis set (kinetic energy cutoff = 30 Ry) and pro-
jector augmented-wave (PAW) pseudopotential. The ex-
change and correlation effects are treated using general-
ized gradient approximation (GGA).37 Two dimensional-
ity is ensured by incorporating a vacuum space of 1.5 nm,
perpendicular to the plane of the atoms, such that out
of plane interaction between adjacent layers can be ne-
glected. For α−phosphorene, a k-point grid of 24×32×1
is used for the 2D Brillouin zone integrations and the grid
size is appropriately scaled for other allotropes, accord-
ing to their unit cell dimensions. Structural relaxations
are carried out until the forces on each atom are less than
10−3 Ry/au.
B. Calculation of electron and hole mobility
Charge carriers are mainly scattered by defects and
phonons, which limits the mobility of electrons/holes in
3a semiconductor. The latter is also primarily responsi-
ble for the temperature dependence of the electrical con-
ductivity. In this work, we focus on pristine materials
without any defect and thus, calculate intrinsic phonon
limited mobility at the room temperature. Using defor-
mation potential theory and effective mass approxima-
tion, the phonon limited mobility of charge carriers in
a 2D crystal, along the α (α = x/y) direction can be
expressed as,38–43
µα =
e~3
λαm∗α
√
m∗αm∗β
, (1)
where m∗α and m
∗
β is the carrier effective mass in the
transport and it’s transverse direction, respectively and
λα is the scattering probability for the charge carriers,
given by
λα =
kBT (E
i
α)
2
Cα
. (2)
Here Cα is the elastic constant in the direction of propa-
gation of the longitudinal acoustic (LA) phonon (aligned
along the α direction, which is also parallel to the trans-
port direction); T is the temperature; and Eiα is the de-
formation potential.
The elastic modulus along the α direction (Cα) is de-
fined via the relation (E − E0)/S0 = 12Cα(∆lα/lα0)2,
where S0 is the area of the unstrained unit cell and
(E − E0) is the change in total energy after applying a
strain of ∆lα/lα0. Value of Cα is obtained via parabolic
fitting of strain vs. energy curve, where the strain is
generally varied from -2% to 2%. The effective mass is
defined as m−1α ≡ m−1αα = 1~2 ∂
2E
∂kα∂kα
, and is obtained by
parabolic fitting of E vs. k curve for electrons and holes,
in vicinity of the VBM and CBM, respectively. The de-
formation potential is defined as Eiα = ∆Ei/(∆lα/lα0),
where ∆Ei is the energy change of the i
th band under
applied strain of ∆lα/lα0. The energy change of the i
th
band is calculated with respect to the potential in the
vacuum. Value of Eiα is obtained from a linear fit of ∆Ei
vs. strain, where the strain is gradually varied from -2%
to 2% and i is taken to be the VBM and CBM for holes
and electrons, respectively.
Our paper primarily focusses on the acoustic phonon
limited mobility, which generally dominates the transport
for small bias voltages. However, at moderate to high
fields, transport is also dominated by scattering due to
the optical phonons44 and other scattering mechanisms.
We also emphasize that in case of acoustic phonon lim-
ited mobility calculation, the deformation potential cal-
culation is very sensitive to the choice of DFT parameters
etc. This results in some quantitative discrepancy in the
mobility calculations as can be seen from comparison of
our results with Refs. [42 and 45]. However, acoustic
phonon limited mobility based on DFT calculations still
captures the qualitative trends in the mobility for differ-
ent structures and for each structure with strain.
TABLE I. Equilibrium structural parameters of all four mono-
layer allotropes of phosphorus, where d1, d2 are the bond
lengths, h is the thickness of the layer, θ1, θ2 are the bond
angles [see Fig 1(a)-(d)].
Phase: α-P β-P γ-P δ-P
d1, d2(A˚) 2.22, 2.25 2.26 2.24, 2.32 2.23, 2.27
h (A˚) 2.11 1.23 1.49 2.14
θ1, θ2(
◦) 103.81, 96.05 93.09 100.02, 93.34 101.20, 101.07
|ax| (A˚) 4.58 5.69 5.43 5.53
|ay| (A˚) 3.30 3.28 3.27 5.41
C. Crystal structure and electronic band structure
1. Pristine allotropes
The crystal structures of all four allotropes of mono-
layer phosphorus are shown in Fig. 1 (a)-(d). Because
of the sp3 hybridization, phosphorus monolayers are not
flat and have either puckered or buckled structure. Op-
timized structural parameters are shown in Table I and
they are in good agreement (within 5%) with the values
reported in the literature.19–21 The electronic band struc-
tures of the pristine allotropes are shown in Fig. 1 (e)-(h);
while two of the allotropes, namely α and δ are identified
to be the direct bandgap semiconductors, rest of them
(β and γ) are found to be indirect in nature. Compar-
ing our results with those reported in the literature,19–21
both qualitative and quantitative agreement is observed,
thus validating the simulation parameters described in
Sec. II. We also illustrate the 2D plot of valence and con-
duction band energies over the entire Brillouin zone for
the four undeformed allotropes in Fig. 1(i)-(l). The green
line marks a constant energy contour line just below the
valence band maximum (VBM) and just above the con-
duction band minimum (CBM) energy. All the constant
energy contour lines are elliptical in shape, which clearly
reflects the anisotropy of electrons and holes in terms of
effective mass.
2. Strained allotropes
After successfully reproducing the structural and elec-
tronic properties of pristine monolayer phosphorus al-
lotropes, we now explore the effect of strain on the elec-
tronic band structure. Uniaxial strain is applied sepa-
rately along the two mutually perpendicular directions,
parallel to the x (armchair) and y (zigzag) axis [see
Fig. 1]. Both compressive (negative) and tensile (posi-
tive) strain is applied, while the magnitude of the strain
is varied upto 6 %. Since 2D materials have superior
mechanical flexibility, like α-P can withstand approxi-
mately up to 30% strain,46 we believe that the allotropes
remain stable over the range of deformations considered
in this paper. The applied strains σx and σy are defined
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FIG. 2. Panels (a), (b), (c) and (d) display the change of
electronic bandgap of monolayer phosphorus allotropes as a
function of uniaxial strain along the x and y axis. The filled
and hollow circles indicate an indirect and a direct bandgap
semiconductor, respectively. Indirect to direct bandgap tran-
sition is observed only in case of monolayer γ-P, at σx ≤ −5%
and σy ≥ 3%. Bandgap reduces to zero at σy ≥ 5% and
σx ≤ −3%, in γ-P and δ-P, respectively.
as σx = (ax−ax0)/ax0, σy = (ay−ay0)/ay0, where ax, ay
and ax0, ay0 are the lattice parameters of the strained
and pristine unit cells along the x and y-direction, re-
spectively.
Electronic band structure of phosphorene allotropes
are known to be significantly modified by applied
strain.19,21 Similar outcomes are obtained in our calcula-
tions, which include bandgap enhancement/closure and
a transition from indirect to direct bandgap semicon-
ductor. As shown in Fig. 2, most dramatic effects are
observed in case of monolayer γ and δ-P under applied
strain. For example, pristine γ-P, which is an indirect
bandgap semiconductor, is converted to a direct bandgap
semiconductor at a modest strain of σy = 3% (also ob-
served at σx = −5%), followed by a complete closure of
the bandgap at σy = 5%. Similarly, for δ-P bandgap di-
minishes to zero at σx = −3%. Although no such transi-
tion is observed in case of monolayer α and β-P, however,
the magnitude of the bandgap varies ±(30 − 40)% from
their pristine values when they are subjected to external
strain. Note that, since DFT calculations underestimate
the bandgap, complete bandgap closure might happen at
higher strain than reported here. Nevertheless, electron
and hole mobility are likely to follow the calculated trend
since DFT captures the structural properties well, and
the bandgap magnitude hardly plays any role in carrier
mobility. Owing to their close connection to the elec-
tronic band structure, electron and hole mobilities are
also expected to be modified via applied strain, and the
strain dependent mobility is discussed in detail in the rest
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FIG. 3. Panels (a), (b) display the strain dependence of elec-
tron and hole mobility of α-P. The most significant effect is
observed at 5% tensile strain (σy), when preferred electron
conduction direction is switched from armchair (x axis) to
zigzag (y axis). Comparing the electronic band structure of
pristine [panel (c)] and strained [panel (d)] α-P, it is observed
that the CBM changes due to strain, leading to reversal of the
direction along which effective mass of electron has the high-
est and the lowest value, which explains the sudden change of
electron mobility at σy = 5%. The insets in (c) and (d) show
the 2D plots of the conduction band energy over the entire
Brillouin zone, for pristine and strained α-P.
of the paper.
III. ANALYSIS OF MOBILITY
In this section, we discuss the charge carrier mobili-
ties of monolayer phosphorene allotropes, calculated us-
ing the methodology described in Sec. II B. Required pa-
rameters [in Eq. 1 and Eq. 2] like effective mass, defor-
mation potential and elastic constant are obtained from
the ab initio calculations, as detailed in Sec. II. The tem-
perature is set to room temperature, i.e., 300 K.
A. Mobility of monolayer α-P
Monolayer phosphorene or α-P is a direct bandgap
semiconductor, with a unique electronic band structure,
having a “Schro¨dinger like” quadratic band dispersion
along the Γ−Y (zigzag) direction, which is in stark con-
trast to it’s “massive Dirac like” band dispersion along
the Γ − X (armchair) direction. Accordingly, the effec-
tive mass of electron (hole) is found to be 8.7 (26.7) times
larger in the zigzag direction, as compared to the arm-
chair direction [see Table II]. Among the other param-
eters controlling the charge carrier mobility, the elastic
constant in the zigzag direction is 3.25 times larger than
it’s value in the armchair direction, while the anisotropy
of the deformation potential is relatively moderate [see
5TABLE II. Carrier mobility and other relevant parameters of pristine α, β, γ and δ-P. We take the temperature as 300K.
Phase Carrier m∗x/m0 m
∗
y/m0 E
c/v
x E
c/v
y Cx Cy λx λy µx µy
type (eV) (eV) (Jm−2) (Jm−2) (eV2A˚2) (eV2A˚2) (103cm2V−1s−1) (103cm2V−1s−1)
α-P e 0.145 1.262 2.59 3.24 27.73 90.53 0.1008 0.0483 1.38 0.333
h 0.138 3.684 2.05 1.95 27.73 90.53 0.0631 0.0175 1.40 0.189
β-P e 0.945 0.137 3.32 7.94 76.37 77.39 0.0601 0.3393 0.426 0.522
h 3.840 0.8534 0.54 1.19 76.37 77.39 0.0016 0.0077 0.788 0.728
γ-P e 0.363 0.480 1.48 2.20 82.73 68.92 0.0110 0.0293 5.22 1.49
h 0.398 7.520 6.20 2.56 82.73 68.92 0.1935 0.0396 0.065 0.017
δ-P e 0.387 0.169 2.98 2.26 47.35 81.66 0.0781 0.0261 1.13 7.70
h 0.412 0.146 2.94 2.42 47.35 81.66 0.0760 0.0299 1.14 8.18
Table II]. Accordingly, the scattering probability of elec-
tron (hole) is 2 (3.6) times higher in the armchair di-
rection, than that of in the zigzag direction. How-
ever, effective mass anisotropy (being much larger than
λ anisotropy) dominates and the electron (hole) mobility
at room temperature is 4.1 (7.4) times higher along the
armchair direction, as compared to the zigzag direction.
Further extending the study to strained α-P, we find
that σx does not have any significant effect on charge
carrier mobility [see Fig. 3(a)]. However, applied strain
along the zigzag direction (σy) changes the electron mo-
bility (in both directions), as well as the hole mobility
(only in the x direction), substantially. The most promi-
nent difference is observed at 5% tensile strain, which al-
ters the preferred direction of conduction from armchair
(in pristine α-P) to zigzag. As shown in Fig. 3(b), there
is approximately 10 times increase of electron mobility
along the zigzag direction at 5% and higher tensile strain,
as compared to it’s value in pristine α-P. This can be un-
derstood by comparing the electronic band structure of
pristine and strained α-P [see Figs. 3(c)-(d)]. Focusing
on the first two bands (marked as c1 and c2 in the figure)
above the Fermi level, while c1 is the CBM in case of pris-
tine α-P, but c2 occupies this position when subjected to
5% (or more) tensile strain along the y direction. This
reverses the anisotropy, with the effective mass now being
heavier along the armchair axis than that of zigzag axis
and thus the latter becomes the preferred electron con-
duction direction for tensile strain σy ≥ 5%. The change
in the effective mass anisotropy can also be inferred from
the 2D plots of conduction band energy over the entire
Brillouin zone, shown in the inset of Fig. 3(c) (pristine)
and Fig. 3(d) (σy = 5%). Marginal increase of hole mo-
bility from it’s pristine value is also observed, when σy is
compressive [see Fig. 3(b)].
B. Mobility of monolayer β-P
Monolayer blue phosphorus or β-P is an indirect
bandgap semiconductor and has the highest bandgap
among all the monolayer allotropes. Interestingly, the
deformation potentials of electrons are found to be signif-
icantly higher (6 to 7 times) than that of holes; and thus
the scattering probability of negative charge carries are
VBM is in Γ-Y 
directionΓ point
VBM is in Γ-Y
directionVBM is shifted to 
VBM is shifted to 
Γ point
-2
-1
0
1
2
Y Γ X
En
erg
y(
eV
)
σx=0%σx=-2%
-2
-1
0
1
2
Y Γ X
En
erg
y(
eV
)
=0%
σy=-2%
σy
(a) (b)
(c) (d)
Mo
bil
ity
 (1
03
cm
2 /V
-s)
 
0
50
100
150
200
250
-6 -4 -2 0 2 4 6
Strain σx (%)
Monolayer β-P
T=300K
µex
µey
µhx
µhy
0
10
20
30
40
50
-6 -4 -2 0 2 4 6
Strain σy (%)
Monolayer β-P
T=300K
µex
µey
µhx
µhy
Mo
bil
ity
 (1
03
cm
2 /V
-s)
 
FIG. 4. Panels (a) and (b) display the strain dependence
of electron and hole mobility of β-P. While electron mobility
does not change significantly with applied strain, hole mo-
bility increases remarkably at σx = σy = −2%, both in the
armchair (x) and the zigzag (y) direction. Comparing the
electronic band structure of pristine [Fig 1(f)] and strained
[panels (c) and (d)] β-P, it is observed that the VBM is shifted
to the Γ point at 2% compressive strain, leading to decrease
of hole effective mass and increase of hole mobility. Insets
in panel (c) and (d) show the 2D plots of the valence band
energy over the entire Brillouin zone, for β-P at σx = −2%
and σy = −2%.
6nearly 40 times larger than that of positive charge carri-
ers, resulting a higher mobility of hole than electron, irre-
spective of the measurement directions. With regards to
the elastic constant, we find pristine β-P to be the least
anisotropic among all the allotropes, with nearly equal
Cα in the armchair and zigzag direction [see Table II].
However, effective mass of electron (hole) is found to be
6.9 (4.5) times larger in the armchair, as compared to the
zigzag direction [see Table II]. On the contrary, deforma-
tion potential of electron (hole) is 2.4 (2.2) times higher
in the zigzag direction and as a result, scattering proba-
bility of electron (hole) is 5.7 (4.8) times higher along the
zigzag, than that of the armchair axis. Since anisotropy
of effective mass and charge carrier scattering probabil-
ity has opposite trend, they nearly balance each other
[see Eq. 1], such that the ratio µx/µy is equal to 0.8 and
1.08 for electrons and holes, respectively; the minimum
anisotropy among the four allotropes [see Table II].
When β-P is subjected to the compressive strain, hole
mobility increases remarkably; by a factor of ≈ 250 in
the armchair direction when σx ≤ −2% and by a factor
of ≈ 50 in both the directions when σy ≤ −2% [see Fig. 4
(a) and (b)]. Comparing the electronic band structure of
pristine [Fig. 1(f)] and strained β-P [Fig. 4(c) and (d)],
we find that the VBM is shifted to the Γ point at 2%
compressive strain, leading to decrease of hole effective
mass and increase of hole mobility. Note that, according
to the 2D plot of valence band energy shown in the inset
of Fig. 4(d), the hole effective mass is smaller along the
y direction; but since scattering probability is higher in
this particular direction only, the resulting value of hole
mobility is marginally smaller along the y, than that of
x axis.
C. Mobility of monolayer γ-P
This is another indirect bandgap allotrope of mono-
layer phosphorus, which has a unique electronic band
structure near the VBM (at the Γ point), with a rela-
tively flat “Schro¨dinger like” quadratic band dispersion
along the Γ-Y (zigzag) direction, in complete contrast
to a “Dirac like” linear band dispersion along the Γ-X
(armchair) direction [see Fig 1(g)]. As a result, the hole
effective mass is 18.9 times higher along the zigzag (y),
than that of the armchair (x) axis [see Table II]. Despite
having such a huge effective mass anisotropy along the
two principal axes, hole mobility is found to be only 4
times higher in the armchair direction, as compared to
the zigzag axis [see Table II]. This is because of relatively
larger deformation potential in the x direction, making
the scattering probability to be 4.9 times higher than
it’s value along the y axis [see Table II]. As compared
to the positive charge carriers, electrons have nearly two
orders of magnitude higher mobility (irrespective of the
measurement direction) due to a combined effect of rela-
tively low effective mass, as well as low scattering prob-
ability. Armchair is found to be the preferred conduc-
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FIG. 5. Panels (a) and (b) display the strain dependence of
electron and hole mobility of γ-P. A sharp increase of electron
mobility is observed at σx = −6% and σy = 3%, accompanied
by a reversal of preferred conduction direction from armchair
(x) to zigzag (y) axis. Comparing the electronic band struc-
ture of pristine [see Fig. 1(g)] and strained γ-P [panels (c)
and (d)], a direct to indirect bandgap transition is observed
at σx = 3% and σy = −6%, as the CBM is relocated to the
Γ point under applied strain. The resulting decrease of the
effective mass causes the mobilities to increase significantly.
Insets in panel (c) and (d) show the 2D plots of the conduc-
tion band energy over the entire Brillouin zone, for γ-P at
σx = −6% and σy = 3%.
tion direction, with a 3.5 times higher value of electron
mobility than that in the zigzag direction. This is due
to the combined effect of relatively low effective mass
and low scattering probability (resulting from low defor-
mation potential and high elastic constant) of electrons
along the x axis.
Under external strain, sharp change of electron mobili-
ties are observed at σx ≤ −6% (33 times enhancement of
µey) and σy ≥ 3% (10 times enhancement of µey), accom-
panied by a reversal of preferred direction of conduction
from armchair (x) to zigzag (y) axis [see Fig. 5(a) and
(b)]. Comparing the electronic band structures of pris-
tine [see Fig. 1(k)] vs. strained γ-P [see Fig. 5(c) and
(d)], it is observed that an indirect to direct bandgap
transition takes place at σx ≤ −6% and σy ≥ 3% strain,
as the CBM is relocated to the Γ point, while position of
the VBM remains unchanged. As illustrated in the 2D
plots of conduction band energy in the inset of Fig. 5(c)
[σx ≤ −6%] and Fig. 5(d) [σy ≥ 3%], evidently the ef-
fective mass along the zigzag (y) axis is less, which is
responsible for the electron mobility enhancement of γ-P
under strain.
7D. Mobility of monolayer δ-P
Except for α-P, this is the only other direct bandgap
allotrope of monolayer phosphorus. The effective mass
anisotropy [m∗x/m
∗
y] for electron (hole) is found to be ap-
proximately 2.3(2.8) [see Table II]. Although the elas-
tic constant along the y (zigzag) direction is ≈ 1.7
times larger, but the deformation potential of electron
is ≈ 1.3(1.2) times higher for electrons (holes) in the x
direction, which makes the scattering probability along
the latter direction to be ≈ 3(2.5) times more for the elec-
trons (holes) [see Table II]. Because of smaller effective
mass, as well as lower scattering probability, mobility in
the y direction is ≈ 6.8(7.2) times higher for electrons
(holes) as compared to the corresponding values in the x
direction [see Table II]. Notably, among all the allotropes,
δ-P has the highest value of intrinsic mobility for both
electron and hole in the y direction.
When monolayer δ-P is subjected to strain in the x
direction, mobilities of the charge carriers along the pre-
ferred conduction directions, i.e. µey and µhy, is found to
increase (decrease) for compressive (tensile) strain, while
no significant change is observed in the x direction [see
Fig 6(a)]. As shown in Fig. 6(a), the charge carrier mo-
bilities along the zigzag axis are enhanced by a factor of
≈ 2 in a gradual manner, as the applied strain (σx) is
varied from 6% tensile to 2% compressive. On the other
hand, when strain is applied in the y direction, charge
carrier mobilities are found to vary over a larger range,
particularly in the preferred (y) direction of conduction
[see Fig 6(b)]. Similar to the case of σx, both electron
and hole mobility increases (decreases) when σy is com-
pressive (tensile). The net enhancement of µey and µhy
is found to be ≈ 8 to 9 times, as σy is changed from
6% tensile to 6% compressive, with a relatively sharp in-
crease at σy = −2% [see Fig 6(b)]. This is associated
with a shift of both VBM and CBM from the Γ point
[see Fig 6(d)] and related decrease of the effective mass.
Transverse to the preferred conduction direction, charge
carrier mobilities (i.e., µex and µhx) show similar trend
when σy is compressive [see Fig 6(b)], with a net enhance-
ment of electron and hole mobility by a factor of ≈ 4 to
5, than their intrinsic values. However, µex and µhx do
not change significantly when σy is tensile [see Fig 6(b)].
Before concluding, let us point out the origin of the ob-
served charge carrier mobility tuning of 2D phosphorus
allotropes under strain. In all the allotropes, 3s and 3p
orbitals of P hybridize to form four sp3 orbitals. While
each P atom (having five valence electrons) bonds with
three neighboring atoms, the fourth orbital is occupied
by a lone pair. By projecting the band states on atomic
orbitals, it is possible to determine the weight of different
orbitals in each energy band and the most vital informa-
tion lies in the composition of the band edges. Weight
of the 3s and 3p orbitals of P atom at the valence and
conduction band edges are reported in Table III, where
the numbers given in the parentheses correspond to the
values obtained in the strained state of the allotropes.
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FIG. 6. Panels (a) and (b) display the strain dependence of
electron and hole mobility of δ-P. When strain is applied in the
x direction, µey and µhy increases (decreases) for compressive
(tensile) strain, while µex and µhx remains unaffected. On
the other hand, when compressive strain is applied in the
y direction, electron and hole mobilities increase in all the
directions. But, if σy is tensile, only µey and µhy decreases,
while µex and µhx remains unchanged. A comparison among
electronic band structures of pristine and strained δ-P are
shown in panels (c) and (d).
TABLE III. Weight of the 3s and 3p orbitals of P atom at the
band edges for pristine and strained allotropes (values given
in the parentheses) of phosphorene. Note that, only those
cases are highlighted where the band edges shfit from their
original position (at zero strain) to some other location in the
first Brillouin zone. Anything below 10% weight is ignored
and the corresponding value is set to zero.
Band s px py pz
α-P VBM 0.00 0.00 0.00 0.82
CBM 0.15 (0.31) 0.21 (0.50) 0.00 (0.00) 0.56 (0.00)
β-P VBM 0.13 (0.00) 0.00 (0.45) 0.00 (0.45) 0.83 (0.00)
CBM 0.14 0.21 0.21 0.31
γ-P VBM 0.12 0.00 0.00 0.86
CBM 0.00 (0.28) 0.60 (0.00) 0.00 (0.00) 0.22 (0.54)
δ-P VBM 0.13 0.00 0.00 0.86
CBM 0.14 0.00 0.00 0.67
Clearly, every sharp changes of carrier mobility associ-
ated with flipping of effective mass anisotropy is related
to the shift of the VBM or CBM from it’s original loca-
tion (at zero strain) to some other k point in the Brillouin
zone [compare Table III with Fig. 3, Fig. 4 and Fig. 5].
All the calculations presented here are for the non-
degenerate case. In case of 2D materials like graphene,
MoS2 and black-P, it has been shown (based on ex-
periments and first-principles calculations) that the
electron-phonon coupling generally increases linearly
8with electron doping, depending on the symmetry of the
material.47–49 Enhanced electron-phonon coupling means
increased phonon scattering and reduced mobility. We
expect similar effects to play out in all four phosphorus
allotropes.
IV. CONCLUSION
Using DFT based ab initio calculations, we have inves-
tigated the effect of strain on electronic transport prop-
erties of the four atomically thin phosphorus allotropes,
α-P (monolayer of black phosphorus), β-P (monolayer of
blue phosphorus), γ-P and δ-P. We start with the pristine
(zero strain) allotropes and among them, α, γ and δ are
found to be highly anisotropic, with 4-8 times difference
between the mobilities calculated along the armchair (x)
and zigzag (y) direction. Other than relatively small hole
mobility found in γ-P, rest of the allotropes have moder-
ate to very high charge carrier mobility, ranging from ≈
200–8000 cm2V−1s−1. When the allotropes are subjected
to external uniaxial strain in either zigzag or armchair di-
rection, other than bandgap magnitude modification ob-
served in all the allotropes, we also find indirect to direct
bandgap (in γ-P) transition and complete closure of the
bandgap (in γ and δ-P).
In addition to this, we find that the acoustic phonon
limited charge carrier mobility can be enhanced signifi-
cantly (typically by a factor of ≈ 5 − 10) in all the al-
lotropes by applying external strain and as high as nearly
250 (30) times increase of hole (electron) mobility along
the armchair (zigzag) direction is observed in case of β-P
(γ-P) under external strain. Interestingly, in case of α-P
and γ-P, it is found that the applied strain can rotate the
transport direction of electron by 90◦.
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